PHYSICAL REVIEW E VOLUME 62, NUMBER 1 JULY 2000

Theory of controlling stochastic resonance
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The concept otontrolling stochastic resonandes been recently introducéd. Gammaitoniet al,, Phys.
Rev. Lett.82, 4574(1999] to enhance or suppress the spectral response to threshold-crossing events triggered
by a time-periodic signal in background noise. Here, we develop a general theoretical framework, based on a
rate equation approach. This generic two-state theory captures the essential features observed in our experi-
ments and numerical simulations.

PACS numbses): 05.40—a, 02.50.Ey, 47.20.Ky, 85.25.Dq

[. INTRODUCTION ing frequencies as seen in the output power spectral densities
(PSDsg of a driven Schmitt trigger(ST). Specifically, for

Stochastic resonand&R) is a nonlinear noise-mediated relatively large barrier modulation amplitudesigital simu-
cooperative phenomenon wherein the coherent response tdaionsof the ST reveal “dips” and peaks in the power spec-
deterministic signal can be enhanced in the presence of ama at combination tonefn; ws* mywy|, with wg )y being
optimal amount of noise. Since its inception in 1981, SR the signal and barrier frequencies ang , integers. The
has been demonstrated in diverse systems, including sensquitase offsetp between the signal and the barrier modula-
neurons, mammalian neuronal tissue, lasers, Supercondutien, as well as the ratio of the frequencies, appear to deter-
ing quantum interference devicéSQUIDS, tunnel diodes, mine the locations of the peaks and dips, with the hejght
and communications devic¢g]. Variations and extensions depth determined by the modulation amplitudes. This be-
of the classical definition of SR have also appeared in théavior is depicted in Figs. 1-4. Figures 1 and 2 show two
literature, in connection with systems having nonperiodic in-PSDs for w,, = ws and phasesp=0 and ¢= /2, respec-
puts (e.g., dc, widebandwith the detector response quanti- tively. For small signal but relatively strong barrier modula-
fied by various information-theoretic3] or spectral cross- tion, well-defined dips at the even and odd harmonics are
correlation[4] measures. evident in the PSD foh=0. Note that the signal and barrier

Recently, we introduced a control scheme which allowsmodulation amplitudes are always taken to be less than the
us to enhance or suppress the spectral response in the bab®rier separatio, so that there are no transitions in the
SR effect[5]. Our control strategy is applicable when input absence of noise. Shifting the phasentf2 results in strong
information is transmitted via the crossing of either a threshpeaks embedded within the same dips, as displayed in Fig. 2.
old or potential energy barrier. This raises the intriguing pos+or double frequency modulationy,,=2ws and phasep
sibility that in situations where external signals might be
potentially deleterious, e.g., electromagnetic field interac-
tions with neuronal tissugg], their effects could be substan-
tially reduced or even eliminated vigexternally applied
control signals.

In this work we present a detailed theoretical treatment of
the control phenomenon, based on a perturbation-theoreti
development of the response power spectral density for weals
input signals and weak barrier modulation amplitudes. we®
focus on the effect of the barrier modulatitthe “control’)
on the output signal power attenuation and amplificaton
the fundamental of the signal frequenéyrst, however, we
summarize(for the sake of completengsthe recent phe-
nomenological description of the respori¢, based on the o "
results of experiments carried out on one of the simplest e e e w oo o
hysteretic bistable devices, the Schmitt trigger. ®
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FIG. 1. The power spectral density(w) from a numerical
Il. PHENOMENOLOGY OF CONTROLLED SR simulation of the Schmitt trigger shows dips for equal frequency
modulationwy = wg and phasep= 0. Details of the simulations are
The motivation for this investigation was the observeddescribed later in the paper; the data shown correspond to parameter
rich phenomenology created by the interplay of the two driv-valueszs=30, 7, =200, b=300, o0=70, wy=350.
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FIG. 2. Same as Fig. 1 but with phage= 7/2. FIG. 4. Same as Fig. 3 but witth= 7/2.

=0, the power Spectrum in F|g 3 disp|ays Sharp peaks at odgower. Here, the SP is defined as the SpeCtral power at the

multiples and dips at even multiples of the fundamental frefundamental frequencyws (which was taken to be 64 hz

guencyws (i_e_, the d|ps occur at integer mu|tip|es ‘wa) minus the continuous noise background power within a small

For ¢=m/2, the signal peaks arsuppressedFig. 4. An  frequency range arounds; it is, thus, a measure of the

exploration of all the observed features in the output PSDs i§eight of the signal feature above the noise background in

beyond the scope of this work. Instead, following a summathe output PSD.

rization of the experimental results, the remainder of the pa- T0 realize the control scheme we modulate the upper and

per is aimed at reproducing the experimental results for théower thresholds  sinusoidally, Vy(t)=b+Aysin(wyt

signal output power at the fundamental frequency, for thet ¢),V.(t)=—Vy(t), which results in a “breathing” oscilla-

special(and somewhat limitedcase of small signal and bar- tion (Figs. 6 and Y of the barriers with frequency), . We

rier modulation amplitudes via a perturbation developmentkeep the signal and threshold modulating amplitudes fixed

Hence, the theory cannot reproduce all the features of theuch thatAy +Ag<b (no deterministic switchingand in-

numerically generatetlsing relatively strong barrier modu- vestigate the system’s response as a function of the phase

lation amplitude} Figs. 1—4. offset ¢, which is chosen to be the “control parameter” and
The experiments were carried out in a modified ST electhe input noise power.

tronic circuit, schematically shown in Fig. 5. The ST is a

simple threshold systerfv,8] possessing a static hysteretic R1

nonlinearity. The upper and lower threshold voltages are

Vy=b andV, = —b, so that D is the(statig threshold sepa-

ration. A subthreshold 64 Hz time-sinusoidal sigr&ft) -

=Agsinwg (As<b) and Gaussian nois@and limited at 10 Y

kHz and ac coupled to the $@re applied to the input. Then, sz| vsigna (volts)

in the absence of any barrier modulation, the standard SF

effect can be reproduced at the output of the ST, matchinc

the results of earlier experimentg] and rate theorie§8].

The measured quantity is the output signal po(&® at the

fundamental frequencyws as a function of input noise

S$1

F

10 MHz clockl

E S3 | Vihresh (volts)

g 10.00 o
a 3
1.00 —;
] FIG. 5. Circuit diagram for the modified Schmitt trigger. S1, S2,
010 | ' T ' T ' T ' | S3: Stanford Research DS345 function generators. F: Stanford Re-
° e oo 1200 1900 00 search SR560 preamplifier. O1, 02, 03, O4: Burr-Brown opera-

©

tional amplifiers. The resistor values aRg=1 k), R,=5 k(Q,
FIG. 3. Same as Fig. 1 but withs= 3wy, . R;=10 k), R,=100 k2.
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FIG. 6. The input signalS(t) (middle trace relative to the -g o 04
modulated upper and lower thresholds, for four different phases. = o 03
The two frequencies are identicaly, = wg. Black and gray distin- 2 % ’
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Our experimental results, first presented5, are shown ¢ (rad.) 0
in the gray-scale plots of Fig. 8, where the signal power is ©)

gray-scale encoded as a function of the phase and input nois: 4.0
power. Analogous results are obtained if the output signal- — c\T>‘ 35
to-noise ratio is taken as the measure of the response. Figur g =
8(a) is simply the classic SR cage] with no control Ay b g 30
=0): the signal power passes through a maximum at an $ g 25
optimal noise intensity, with the location of the maximum 'g = 20
depending on the internal parameters, as well as the input _Ea 15
signal amplitudeAg, but only weakly on the signal fre- 2 5
quencywg, provided this frequency lies well within the de- 2 1.0
vice bandwidth. o w2 n 8w2 on a 05

Figures 8b) and 8c) correspond to the modulated- 0
threshold cases, = ws, andwy=2wg, respectively. The ¢ (rad.)

most striking feature of Fig.(®) is a significantsuppression

of the outpqt signal power below its value in the nonmodu-wS vs phase and noise f¢a) no modulation(b) @y, = ws, and(c)
lated caséFig. 8a)], at values 0 andr of the control phase wy=2ws. Parameters: ws=2m64s"1, b=300mV, Ay

¢. Note also that the plot appears symmetric with respect ta-200 mv Ag=30 mV. In (b), the maximum signal enhancement
occurs neawp=7/2 and ¢=37/2, and the maximum suppression
occurs near phaseg=0 and ¢= 1. In (c), the maximum signal

enhancement occurs negr= /2, and the maximum suppression

occurs nearp=3/2. Note the differing signal power gray scales in
(@, (b), and(c).

FIG. 8. Experimental results: Gray-scale plot of signal power at

+
o

o

a phase translation ofr. A suppression behavior is also
present in the case wheig, =2wg for ¢=37/2 [Fig. 8C)];
however, in this case, a significant enhancement of the out-
put SP(compared to the nonmodulated caealso evident

at phasep= /2.

The principle goal of this paper is to achieve a quantita-
tive understanding of the suppression and enhancement ef-
fects for each of the two modulation schemes. In Sec. lll we
derive expressions for the output power at the signal fre-
quency, first for double frequency modulation, then for equal
frequency modulation. Though straightforward, these calcu-
lations are not trivial: they need to be taken to cubic and
quartic order, respectively, in order to capture the key effects
FIG. 7. Same as Fig. 6, but withy=2ws. of controlled SR. In Sec. IV we test these analytic predic-
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tions against numerical simulations of three different bistable p(x,t|xq,to)=p. (t|Xg,te) (x— )+ p_(t|Xg,te) S(X+C)
systems. Taken together, our results demonstrate that con-

trolled SR is a generic phenomenon for such systems, and =P (txo,to) (x—C)+[1—p (t[Xo,t0)]
can be understood in a unified way.

Our control scheme, which is implemented via modula- X d(x+c). ®)
tion of the potential energy barrier by a time-sinusoidal sig-.l_he conditional expectation value is
nal with controlled phase, must be contrasted to the case of
multiple cyclic inputs applied at the input of a nonlinear "
device_. In this case, one obtaing “compination tones” at fre- (X()]Xg,to) = J XP(X,t|Xg,to)dx=c[2p, (t|Xq,to) — 1].
quenciegn,w,+n,w,| (for two input signals of frequency —e
w; 7)) With ny , being integers and the symmetry of the sys- (6)
tem setting selection rules for the appearance of specific sets . o o )
of combination tones in the response. This case was already? focus on generic behavior, independent of initial condi-
discussed in the 19th century by von Helmhd®g in con-  tions, we form theasymptoticexpectation valugx(t))as

nection with frequency mixing in the inner ear. With noise,

one observepl0] a SR effect at every combination tone that (X(1)as= lim (x(1)[xo,to)=c[2pA()—1],  (7)
appears in the output, with the symmetry of the device once o= ==

again predicating the appearance of certain sets of frequen- as

cies in the output PSD. wherepZi(t)=p, (t|Xo,to—— ).

To calculatep(t), notice that the initial condition term

in EQ. (4) can be rewritten in terms of a definite integral,
Ill. GENERAL THEORY

We consider a two-state system. We have in mind a fairly g(to) B J‘ , A
general bistable system, but it will be conceptually conve- *o¢ g(t) = Oxge X tO[W+(t JHW-(t)]dt .
nient sometimes to use language specific to the Schmitt trig- (8)

ger. The two states correspond to output valdes and

—c, respectively. For convenience, we will also refer to theSince the ratesV. may be assumed to be bounded from
states themselves asc. Following Ref.[8], we suppose that below by a positive constant, the integral in E&) will
the dynamics is governed by rate equations for the statapproach+e ast,— —o, and the initial condition tern8)

probabilitiesp.. that the system is in the statec, will decay exponentially, yielding
pL=W_(D)p_—W, (1)p. = —p_, M f- [ W ©
g(t)) o

whereW.. (t) is the transition rateut ofthe = state, and the
overdot denotes differentiation with respect to time. In the We assume that in the adiabatic lintfiwhere the signal
modulation schemes we are considering, the transition rate®d modulation frequenciass , are well within the trigger
are time periodic. The solution to the linear first-order differ-and noise bandwidthsthe rates are given by
ential equation(1) is

W.. () =flu=* nsSinogt+ ny sifoyt+¢)],  (10)

t
p+(t0)g(to)+f W(t’)g(t’)dt’} (2)  where, in general, the specific form fofvould depend on the
fo system being investigated. The paramejerand »s y cor-
respond to the thresholaland signal/modulation amplitudes
where scaled by the noise powéreferred toD or o in the follow-
ing sectiong.
Assuming the typical experimental case in which the
g(t)=epr (W (D)+W_(1)]dt. (3 starting times from run to run are random with respect to the
signal and modulation phases, it is appropriate to average the
correlation function over the initial phases. Alternatively, we
can avoid adding another phase variable to Q) by cycle
averaging the correlation function overHere, one cycle is
defined as the period &V (t), so we restrict ourselves to
cases whereg and w), are commensurate frequencies.
Cycle averaging ovet yields a stationary correlation
_ 1 ! / N+ function E(T). Taking the longtime limitr—oo eliminates
P+(tXo.to) g(t){axocg(tOHJtOW_(t Jo(thdt } time-decaying correlationgnoise backgroundwhile pre-
(4) serving correlations that persist indefinitelgigna) [11].
The resulting initial-phase-averaged asymptotic correlation

The conditional probability density of the two-state outputfunction Eas(r) can be written in terms of the asymptotic
X(t) is expectation valug7) (see Gammaitoret al. in [2]),

b L

Replacingp. (to) in Eqg. (2) with & . gives us the condi-
tional probabilityp (t|Xg,t) that the system at timeis in
the +c state given that the state at tinig was xg (which
may be+c or —c):
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Eas( 7)=((X(t+ 7)) ad X(1) ) act Having obtained an expansion pf¥t) to nth order, one
can use Eq(1l) to obtain an expansion of the asymptotic
=(c’[2p3(t+7)—1][2p3X(t)—1]);, (11  correlation function, but to what order is it correct? First,

) note that in the unmodulated casgg(y=0) the ratesW..
wheie<->t denotes a cycle average oveFourier transform- 5. equal, implyingp®(t) = 1/2. This implies that in an ex-

ing Ko{ 7) will lead to a formula for the total output power at pansion of H3Yt)—1, the lowest order term is of at least

the signal frequencys. . first order inyg,y - It follows that annth order expansion of
For small signal and threshold modulatiog y<1, we  pat) will give us an asymptotic correlation functicfdl)
can expand the ratéd/. (t) in 7s v, with a leading order of at least 2. Also, the asymptotic cor-

relation function will be correct tdat least ordern+1.

1< ] _
Wo()=5 X (—1)"ay[ = pssinwgt)
n=0 A. Double frequency modulation

+ v Si(wyt+ @) 1" (12 At this stage in the calculation we specify the barrier
modulation frequencywy, . We will begin with the case

Here, the a«, are the expansion coefficientsa, —, —5, - in Sec. IIl B we will turn to the case of equal

=[2(=1)"/n!][d"f(u)/du"] [the factor (—1)" is included frequency modulation.
to keepa; positive]. For any specific example these coeffi- ¢ yms out that the required calculations are rather in-
cients are found via a formal expansion of the transition rate§olved, because to attain a sufficiently accurate and consis-
W... For the Schmitt trigger, these rates can be cast as thent final result[Eq. (17) below], we have to keep terms
inverses of the mean first passage times of a Brownian pagx qugh cubic order in the expansiéh?). As a result, the
ticle to an absorbing barrier at the switching thresh@l  expressions for the intermediate steps are very long, which
provided the noise bandwidth is within that of the device. nfortunately tends to obscure the essential structure of the
We can comput@Z(t) to nth order as follows. We use  gerivation. Therefore, for the sake of clarity we present here
Eg. (12) to obtain the rates expandedrith order. We insert  the calculation of the power spectrum in which we truncate
the expanded rates into E) and Taylor expand the expo- the expansior(12) after its quadratic term. We then simply
nential to obtain an expansion gft) to nth order. We mul-  quote the final result of the derivation which keeps the higher
tiply the nth order expansions oV_(t) andg(t), discard  order terms. The interested reader can find full details of the
terms aboventh order, and integrate to obtain the expansionjatter derivation on AIP’s Electronic Physics Auxiliary Pub-
of [Y_ W_(t")g(t")dt’. We multiply the result by theth lication Service(EPAPS [13].
order expansion of §(t) and discard higher order terms to  Following the procedure outlined in Sec. Il, we find Eq.
obtain the desired expansion pi%t) to nth order. (9) to quadratic order in4s, 7y)

(ag2ay— a%)cos{ wgt+ @)+ 2ar05SIN(wgt+ @)

4(a§+ wg)

1 a1nd —wsCogwst)+ agSin(wgt)]
as(ty=— 4 _
p+( ) 2 Z(a(z)_’_wg) 7sTwm

1 —a? 2ap2a,— 32 w(6aia,+b6a,0i—daya’
42 L2 Tl cog3udt+ b))+ s(Bagas+ bazws 4ay l)sin(3w t+¢) . (13)
8\ a2+ w? 2 2 S 2, 2y 2 2 S
agt wg ayt9wg 4(apt wg)(agt9wy)
Sincep®X(t) was expanded to quadratic ordéx(t+ 7)).{X(t))asis correct through third order,
c?a’?n? @2wscoq ) — (a22a,— aga’+2a,02)sin( ¢)
(XU 7)) ad X)) = | 1=y G M i i cogws) oo (14)
2(ag+ 09 ai(agt wy)

p_Ius a multitude oft—de_pendent terms of the form cos or mc?a?nl wsCOSh+apsing  2a, |
sinNwgt +---), whereN is a nonzero integer. None of these ————1—pya; > ——sing
terms will survive the process of cycle averaging ovérat apt ws apt s a

yields the initial-phase-averaged asymptotic correlation func- (15)

tion Kad 7) ={(X(t+ 7)) ad X(1) Yask: .

From the coefficient of§(w— wg) in the (one-sided

power spectrum ﬁfwias(r)e“‘”dr, we find that the total for wy=2wg. One can rewrite Eq(15) in the following
output power at the signal frequeney is manner:
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2.2 2

TCTaImg -y Sin(¢+0) 2a2$il’l¢
T2, 2|t T 5 T T 5 '
a%-i— wé \/ag-i- wé ai

(16)

with ® =tan Y(wg/ay). As noted earliera, is a positive
coefficient.

The same steps leading to Eq5) can be retraced using
a less severe truncation of the transition radés(t). As we

show later, all the key features of the controlled SR schem
are reproduced if we keep terms through cubic order as int-

dicated in Eq.(12). The details of the derivation can be
found elsewhergl3]. The result corresponding to E@.5) is

Wczair]é wgCOSp+agsing  2a, .
—2 2 1_77Ma1 2 2 __2 S|n¢
apt+ wg apt+ wg a)

a%-i— 3ajas a%— 6aga, 3ai—4a0a2

a? 2(ad3+wd)  4dai+3603

2
+ 7w

| |

7

B. Equal frequency modulation

We performed analogous calculations as above for the

casewy = wg, Which is straightforward but tedious. Here,
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'n'Czaing 142 (ai—aoaz)(a00052¢—wssin2q§)
2, 2 Y > 2, 2
agt wg ap(agt wg)
_ a2_3a3 _a2+3a3_ apgio
ay 2a cos 2 ay @ 2 2
0 1 0 1 agtwg
2 2
@)~ Qo +37ls Q3 QX3 (18)
a’+ 4w’ 2 a1 @2+ w?
0 S 0 S

for = wg. We note that the lowest order correction to the
ignal power is quartic, compared to cubic in the double
requency case. In order to get consistent results to this order,
he expansion of the rat€$2) has to contain all terms up to
and including cubic order. As above, we can introduce the
phase® =tan (ws/ay) and rewrite Eq(18) as

2_2 2
mc?aing , | (@1—apaz)coq2¢+0)
5 5 Y
a%-i—wé 2a0\/ag+wé
ay 3&3 Ay 3&3 apgiy
—(———)c S2p——+ —————
@y 20 @ ¥ agtowg
2 2
a1~ oy 3n5[ @z apay
+— AR || (29
agt4wg 2 \a agt wg

C. dc symmetry breaking

It is worthwhile emphasizing a unique qualitative feature
of the controlled SR scheme. While a traditional SR experi-
ment (i.e., one with no barrier modulatipron a symmetric
Schmitt trigger yields zero average dc output, the barrier
modulation can break the plus-minus symmetry between the
two states and thereby generate a finite dc output power. This
ffect occurs only for equal frequency modulation. Analyti-
cally, the dc term in the power spectrum arises from a

we present only the final expression for the output power at-independent term in the autocorrelation functjag]. The

the signal frequencws. The interested reader can find the
complete derivation on the Interngt3]. The result is

B mc? 77%,, 7}%[( - a0a§+ 2a%a2+ 2a2w§)008¢+ a%ws sing)?

expression for the dc part of the power spectral density
(om=wg) is

dc—

Intuitively, the origin of this effect can be understood by

Za(%( aé-i— a)é)2

(20

down and down-up transitions. Again looking at Fig. 6, we

contemplating Fig. 6. There are two contributions. First, wesee for¢= /2 that the separation between optimal transi-
can see that the modulation induces an asymmetry in the twigon points is significantly different from a half-period, which
transition rates, keeping in mind that the transitions are muckesults in an asymmetric output square wave, and thus a non-
more likely to occur when the barrier distance is smallesgero averaggdc) component.

(denoted by the two arrows in the figure; we refer the inter-

ested reader to the Appendix for a brief discussion on the

existence of this minimum distance-or example, wherb

=0, the upward transition rate is much smaller than the

downward rate, and the reverse is true whgs 7. This
asymmetry leads to the cgsterm in Eq.(20). The second
effect, which gives rise to the sif contribution, reflects a

IV. COMPARISON WITH NUMERICAL SIMULATIONS

A. Direct simulations of the truncated rate equations

As a first step in testing the analytic predictions, we car-
ried out direct simulations of the time-dependent rate equa-

difference between the time intervals between optimal uptions. In general, the experimentally measured power spec-
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6 B. The double-well system

It is of interest to test the developed two-state theory for

4 systems with continuous state variables. Here, we consider
N the simplest bistable dynamic potential
2 _a,, b .
U(x)= 2x +4x , (21
0 05x T 15n 2n where the potential minima are atc= *+a/b, and U,
¢ =a®/4b is the (unmodulategibarrier height. We furthermore
consider the limit of large damping and thus assume that the
20 Langevin equation is given by
x=—a,U(x)+ D&, (22

whereé(t) is 5-correlated white noise with unit variance, so
that

(E(DE))=o(t—t"). (23

We also restrict ourselves to the high-barrier, adiabatic limit,
so that we may identify the transition rat¥g. with the
Kramers rate, to a good approximation, which in the absence
of modulation is given by

FIG. 9. Output signal powelP vs phasep from direct simula-
tions of the rate equationd2) for wy=wg (top) and wy=2wg
(bottom), respectively. The dashed line in each figure is the corre
sponding theoretical resu(tl8) and (17), respectively. Parameter

values area=0.371743a;=3a,=3a;, ¢=5.66, 7s=8c/D, ~WU"(0)U"(c)
7w=16c/D, andD = 140. Wt—Texr[—ZUo/D]. (24)

[given by either Eq(18) or Eq.(17)] in the following man- ~ @ssumption that the probability density within a well is
ner[8]: roughly at equilibrium. That is still the case if the signal

frequency is much lower than the rate at which the probabil-
ity equilibrates, which is simpiyJJ”(*c). Thus we require
w<U"(*xc)=2a. In the vast majority of the SR literature
[2,8] the modulation term+ U gx sinw4) is simply added to
the right side of Eq.(21). This has the effect of not only
modulating the barrier heights, but also the position of the
Here, A is the bin width of the measured power spectralpotential extrema and their curvatures. On the other hand, it
density,N is the noise background power spectral density ats conceptually simpler to modify only the barrier heights, so
the signal frequency, an@ is the so-called processing gain that the modified Kramers rate becomes

factor (typically between 0.5 and)lwhich is an effect of

PG+NA
Sexpt:T-

windowing the time series before Fourier analyzing it. In all a
subsequent simulations we employed a Welsh window with W.(t)= \/—TEXD{—Z[Uoi Ussinegt
a processing gaie=0.83. .
In order to check the consistency of our numerical algo- + Uy sin(wyt+ ¢)1/D} (25)

rithm, we numerically integrated the rate equations as given

by Eq. (12), including terms up to fourth order, in the fol- Equation(25) is true only to linear order if one merely adds
lowing manner. At each time step a random numbeis  the modulation terms to the potenti@l). Here we use an
chosen uniformly on the interv@0,1]. If the system is cur- alternative approach which alters the barrier height directly.
rently in the* state,£ is compared withp.. (t) =AtW._(t),  This has the advantage of giving a consistent path from Eq.
whereAt is the time step. I€<p. , the system is changed (24) to Eq.(25); the disadvantage is that the simpler picture
to the other statg8]. Figure 9 shows a comparison betweenis slightly less elegant algebraically. Since the curvatures
the theoretical predictions and the results from the rate equaJd”(0)= —a, U”(c)=2a do not depend on the parameter
tion, for the output signal power as a function of the modu-it is possible to modulate the barrier heigifi'4b and keep
lation phase. Because of the various approximations in théhe curvatures and thus the prefactor in Exf)) constant. In
course of the derivation of Eq$18) and (17) we do not order to implement the symmetric barrier modulation and the
expect perfect agreement. Nevertheless, the matching is go@gymmetric “rocking” of the potential, we allow the barrier
enough to strengthen our confidence in the numerical resultseight, and thus, to depend ox andt and to be different on
presented in the subsequent subsections. each side of the origin,
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b—b(x,t)=b,(t) if x=0

450
=b_(t) if x<O
with
a2
m:UOiUSSIant+UM S|r((1)Mt+d)) a 300
=b.(t)
a2
~ 4[Uy*=Ugsinogt+ Uy sin(oyt+¢)] 150
(26)
Modulating the coefficienb from Eq. (21) in such a way
guarantees that, within the adiabatic approximation,(E§). 0 05m T 15n 27n

is exact. We emphasize that we chose this modulation as a
mere technical convenience to avoid further approximations.

Comparing Egs(10) and (25), we haveu=U,/D, 7g 450
:Ule, ﬂM:UM/D, and

flux psSinwgt+ ny Si(oyt+ ¢)]
=(a/\/§7-r)exp{—2[,ut nsSinwgt
+ v silwyt+ @)1}, &

300

2a
ag=2f(u)= \/—7exp(—2Uo/D),

150
df(x) 2\2a
a'1=—2 dX = p eXF(_ZUO/D):ZOfo,
X=
(27 0 05m T 157 27
¢
2 d?f(x) 2\2a
2721 T g =, &XA(—2Uo/D)=ay, FIG. 10. Output signal power vs input noise stren@thand
X=n modulation phasep for the double well system witlwy=2wsg.
Top: digital simulations; bottom: the analytical predictiofisy).
_o 43
a3=—2 d*f(x) :2X8aexq_2U0/D): A_lao_ The gray scale range i©,20. Parameter values at¢,=256, 2
3! dxd 627 3 =11.13,Ug=8, andUy, = 16

X=p

In Fig. 10 we compare the analytical predictiofiottom  model to fit the present situation by including the threshold

panel$ against numerical simulationdop panels for the L : ~_
case of double frequency modulatiomy,=2wg, using modulation in the effective gaiy= y+ ey Costnt+¢),

“typical” parameter values. The agreement is good. For the
case of single frequency modulatiomy =wg, Fig. 11
shows a similarly good match between the fourth order result _
(18) and numerical simulations of the double well potential. x=—kx+ ag&(t). (28)
As we alluded to in Sec. Il C, the average dc output

predicted by Eq(20) can be compared to numerical simula- fare x represents colored noise with correlation time
tions. This comparison is shown in Fig. 12, where we have_ -1 [£(t) is & correlated white noise with unit variariso
plotted the square of the averaged mean value.oThe ¢ the variance o is (x2) = 02/2k. In order to evaluate the

agreement is rather good. We also see that the dc output i§,5\vtic predictions, we need expressions for the expansion
largest close to phases=0 andm, which indicates that for . oficientsa up ton=3. We find
N .

this system the cog term in Eq.(20) is dominant over the

sin ¢ contribution. It follows that the corresponding physical \/— 1
mechanism reflected in the data is a modulation-induced _Wa :( f“ e“2¢(u)du)
asymmetry in the up/down transition ratésee the discus- k °° P '
sion in Sec. 1l Q.

y=sgr vy — esCoSwgt—x],

C. The Schmitt trigger N 29“2(¢(M)— d(—p))

e Y1 2 1
A dynamical model for the Schmitt trigger was introduced K ( f e“zqs(u)du)
previously [Eq. (6.21) in Ref. [8]]. We can modify that —u
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N
450
W 200
300
Q Q
150
150
100
450
200
300
Q Q
150
150
100
0 05m b 15=w 2n 0 05m b 15=w 2n
¢ ¢
FIG. 11. Output signal power vs input noise stren@thand FIG. 12. Average dc output vs phageand input noise strength

phase¢ for the double well system witlvyy= wg. Parameters are D in the case of equal frequency modulation for the Duffing system
as in Fig. 10. There is excellent agreement between the simulatior®1). Parameters are the same as in Fig. 11. The top panel shows
(top) and the analytic predictiontl8) (bottom). The gray scale data from numerical simulations; the bottom panel displays the pre-
range is(0,10. diction (20). The dependence ob is implicitly defined via the
expressions for the expansion coefficieni®¥). The gray scale

Vr e Rw? elul-mr ) 0 ON9e O30
Taz_(f” v g(u)d )3_ U"“ v g (u)d )2 ' 1 (nw 1
e' ¢(u)du e' ¢(u)du 2 L _
—u —u ¢(,u)=\/—;f_me du (=>¢(M)—\/—;e "
ﬁa - e p( )3 G0 —2u MZ)
3~ 4 and¢”"(u)= e
k (IM e“2¢(u)du) K Jr
g o and
2ue? (= p) + pd(p)]
(J“ e’ p(uydu 3 D)= p(u)—d(— )=LJM e *du
» I © w=r=), :
#2(2,U«Z+ Dd(p)+4ud' (w)+¢" (1) [Expressions for the first two coefficients can be found in
€ v 2 ' Egs.(6.13 in [8].]
3(f_ﬂe ¢>(u)du) Using the notation of Sec. Ill, we let=y\Jkio, 75

=—eg\klo, andpy = — ey K/ o. In order to obtain a quali-
(290 tative agreement with the experimental results from Fig. 8,
we replaced the parameters in E¢29), (18), and (17) by
where ¢(u) is the probability integral their actual experimental values but feg and €,,, which
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5
4
Q3
2
1 0 0.4 03 12
0 05m n 157 2n -

5 FIG. 14. Visualization of the region on parameter space for
which [d§"(t)]"[;,>0 and[dF"(t)]"|,>0 as a function of the ratio
r=Ag/Ay and phase shifty. Both quantities are positive in the
white region, while one of the two is negative in the black region.

4 Note that the minima in the distances disappear for small values of
r,i.e., if Ag<<Ay -

a3 “classical” SR effect and also suppress the response to a
weak signal. Experiments were carried out on a generic sto-
chastic resonatofa modified Schmitt trigger Our experi-
mental results are confirmed in computer simulations of the

2 Schmitt trigger as well as in a potential double-well system.
Within a range of signal and modulation amplitudes, the
theory predicts the optimum phase difference and noise

q strength for maximum enhancement or suppression of the

0 05 15 5 output signal power. The theory also shows good agreement
W T W T with secondary effects, such as the dc offset for equal fre-
0 quency modulation as well as a frequency dependent “drift”

FIG. 13. Theoretical output signal power vs noise pobeand ~ Of the peak signal power for higher noise power. The good
phase¢ using the expression@9) for the a,,. Equation(18) is  agreement fou_nd in our studies suggests that application of
displayed in the top panel, E4L7) in the bottom panel. Parameters the theory to bistable systems other than the double well and

are as follows: k=10 kHz, y=300 mV/9 V=4, c=9« the Schmitt trigger should work equally well. The key ingre-
=2764 s !, eg=1/3000, e, = 1/450. Notice that the experimental dient in any particular example is a knowledge of the transi-
values €2P=30 mV/9 V=10es, and e3P=200 mV/9 V=10¢),, tion rates, which could either be determined from first prin-
are larger by a factor of 10. The qualitative agreement with theciples or directly measured.
experimental results from Figs(t§ and §c), respectively, is excel- We believe that controlled SR may be useful in applica-
lent. tions as diverse as the cancellation of power-line frequencies
in very sensitive magnetic sensing applications with super-
are chosen smalléby a factor of 10 in order to stay within ~ conducting quantum interference devid&QUIDs and vi-
the perturbation theory approximation. The relatively largebration control in nonlinear mechanical devices, as well as in
barrier modulation A,,=200 mV) in the experiment is be- the context of electromagnetic field interactions with neu-
yond the low-order expansion. Figure 13 displays the theoronal tissug6], where control of internal thresholds is pos-
retical results(18) and (17), respectively, utilizing the nu- sible[12] and the selective suppression of specific frequen-
merically computeda, given in Eq.(29). The analytical cies could potentially be beneficial. Future work will aim to
results agree qualitatively with the experimental results predevelop analytical expressions for the background noise
sented in Sec. Il. power and also address the interesting case of incommensu-
rate frequencies.
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APPENDIX: EXISTENCE OF MINIMUM BARRIER
DISTANCE

For wy = wg, the “distance” between the signal and the

(modulated threshold
d(t)=d,(t)=b+ Ay sin(wst+ ¢) —AgSinwgt
if0<wg<m
=d|(t)=b+ Ay sifwgt+ ¢) + AgSinwgt
(A1)

if T<owgd=<2m

depends on the four parametérs\y, ,Ag, and ¢. If one is

spect to time. We find

sing )
JrZ=2rcos¢p+1)’

sing
Jr?+2r cos¢p+1

It can happen that one of these extrema is actually a maxi-
mum. The intuitive arguments in Sec. Il C about the result-
ing dc offset are meaningless unless the distance takes on a
minimum in both partitions of the drive cycle, so we must
check the second derivatives as well. These extrema are
minima only if the second derivatives are greater than zero.

ogty= arcco{ -

(,Ost| = - arCCO{ -

only interested in the existence of a minimum during the up! "€ result is depicted in Fig. 14. Note that the rolewgfis

and the down cycle, one can eliminate the offseand re-
write Eq. (A1) as

deff(t)=d®f(t) =sin(wgt + ) — 1 sinwgt  if O<wgt<mw
=df(t)=sin(wgt+ @)+ sinwgt  if T<wgt<2,

(A2)

where d®=(d—b)/A,, depends on only two parameters

namely the phasé and the amplitude ratio=Ag/Ay . TO
find the minimum distances we seiﬁ(f)’=0 on the interval

wgtye[0,7] and @)’ =0 on the intervalwgt [ ,27],

merely to scale the time axis, i.e., it determines the location
of the minima in time but not their existence. Figure 14 thus
depends only on two parameters, the phasand the ratia .

The black regions show the parameter combinations for
which one of the extrema is a maximum; the white regions
are where botfid§(t)]"]; and[d"(t)]"|,, are positive. The
figure reflects the fact that for small enough values of the
ratio Ag/Ay, one of the minima in the up- and down-

» partition of the drive cycle changes into a maximum over a
range of phase values. This is in contrast to the unmodulated
case Ay =0) where a minimum always exists and is well
defined.
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